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Abstract. For an (?Ti+l)-dimensional space-time (X"'+-'^ , g), define a mapped 
null hypersurface to be a smooth map u : A/'™ — » X™+^ (that is not necessarily 
an immersion) such that there exists a smooth field of null lines along u that 
are both tangent and g-orthogonal to u. 

We study relations between mapped null hypersurfaces and Legendrian 
maps to the spherical cotangent bundle ST*J\4 of an immersed spacelike hy- 
persurface fi : A^"" X™"*"^. We show that a Legendrian map A : C"^~^ — » 
{ST* M)^"^~^ defines a mapped null hypersurface in X. On the other hand, 
the intersection of a mapped null hypersurface u : J\f"^ — > X™+^ with an im- 
mersed spacelike hypersurface /i' : A^"" — > X™+^ defines a Legendrian map to 
the spherical cotangent bundle ST* JVl' . This map is a Legendrian immersion 
if u came from a Legendrian immersion to ST*JVl for some immersed spacelike 
hypersurface /i : A^'" X'"+^. 



We work in the category, and the word "smooth" means C°° . The manifolds 
in this work are assumed to be smooth without boundary. They are not assumed 
to be oriented, or connected, or compact unless the opposite is explicitly stated. 
In this work (X™"*"^, is an (m + l)-dimensional Lorentzian manifold that is not 
assumed to be geodesically complete. 

A "vector field" on a manifold F is a smooth section of the tangent bundle 
TY : TY Y, and a "vector field along a map" (j> : Yi Y2 of one manifold to 
another is a smooth map ^ : Yi ^ TY2 such that (j> = Ty^ o Covector fields and 
line fields on a manifold and along a map 4> are defined in a similar way. 

1. Preliminaries 

Let us recall some basic Lorentz geometry facts. Put S to be the space of vector 
fields on X. There exists a unique connection on X that satisfies the following 
metric compatibility and torsion free conditions: 

79 tf„ C„\ _L „('C„ Y79 



[6,6] = vf^6-vf^6, 

for all 6,6,6 G see [2 page 22]. This connection is called a Levi-Civita con- 
nection. When no confusion arises we will write V instead of . 

A geodesic c : (a, 6) — > (X, 17) is a smooth curve satisfying Vc'c' — 0, for all 
of its points. Similarly to the Riemannian case, one uses geodesies to define the 
exponential exp^ : T^X X. Note that exp^ is defined on the star-convex, with 
respect to 0, domain of T^X, rather than on the whole T^X. There is an open 
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neighborhood Vx C TxX of such that exp^. \ is a difFeomorphism. The open set 
Ux = exp^(V'2;) is called a normal neighborhood of x. A neighborhood is geodesically 
convex if any two of its points can be joined by a unique geodesic arc inside of it. The 
result of Whitehead [12], [13], [TTl Section 5, Proposition 7] is that every point in a 
semi-Riemannian, and hence Lorentzian manifold has a geodesically convex normal 
neighborhood. A simple region is a geodesically convex normal neighborhood with 
compact closure whose boundary is diffeomorphic to 5™. 

A nonzero vector v G TX is called spacelike, non- spacelike, null {lightlike), or 
timelike if g{v,v) is positive, non-positive, zero, or negative, respectively. A piece- 
wise smooth curve is called spacelike, non-spacelike, null, or timelike if all of its 
velocity vectors are respectively spacelike, non-spacelike, null, or timelike. For a 
point X in a Lorentz (X, g) the set of all nonspacelike vectors in TxX consists of two 
connected components that are hemicones. A continuous with respect to a; G X 
choice of one of the two hemicones is called the time orientation of X. The non- 
spacelike vectors from these chosen hemicones are called future pointing. A time 
oriented (X'"+^,(7) is called a space-time. 

An immersion k : K.^ ^ yjn+i ^ /c-manifold is said to be an immersed spacelike 
or timelike submanifold if the pull back of g to TIC is respectively a Riemannian or 
a Lorentzian metric. An immersion (respectively an embedding) i : 7i™ — > X'™^^ 
of an m-manifold is called an immersed (respectively an embedded) hypersurface. 
An immersed hypersurface is called an immersed null hypersurface if for every 
h Cz Ti. the pull back of g is degenerate on T^Ti.. Similarly one defines embedded null 
hypersurfaces and immersed and embedded spacelike and timelike hyper surf aces. 

An immersed (or an embedded) hypersurface i : 7i™ — > X™''"^ can be canonically 
equipped with a line field C Tj(/j-|X, h Ti., along i such that for every h Ti. the 
line Lh is g-orthogonal to i,,{Th'H) C T;(/j)X. It is easy to verify that an immersed 
hypersurface is spacelike, timelike or null if and only if for every h ^ Ti. the nonzero 
vectors in Lh are respectively timelike, spacelike or null. Since the Lorentz metric is 
non-degenerate, for an immersed null surface the line field is tangent to i(Ti.), i.e. 
Lh C if,{ThH) for all h ^ H. This observation motivates the following definition. 

1.1. Definition (mapped null hypersurface). A smooth map : A/"™ y^m+i 
of an m-manifold is called a mapped null hypersurface if there exists a smooth 
(non-oriented) line field _L„ C rj^(„)X, n e Af, along v such that for every n ^ J\f 
the nonzero vectors in L„ are null, _L„ C i/*(T„A/'), and L„ is g-orthogonal to 

V^iTnM) C T^(„)X. 

Two null vectors are orthogonal if and only if one of them is a multiple of the 
other. Hence the line field L„ in the above definition is completely determined by 
the map v. 

Every immersed null hypersurface is a mapped null hypersurface. However 
mapped null hypersurfaces can be quite singular. For example if is an 

(to — l)-manifold and 7 : M ^ X is a curve such that 7'(t) is null and nonzero 
for all t, then the composition of 7 and of the projection y™^i x M ^ R gives a 
mapped null hypersurface Y™~^ x M ^ X™+^. 

Let us recall some basic contact geometry facts. Let Q^^~^ be a smooth (2fc — 1)- 
dimensional manifold equipped with a smooth (non-oriented) hyperplane field C, = 
{Cg'^~^ C TqQ^'^~^ I q G Q}. This hyperplane field is called a contact structure, if it 
can be locally presented as the kernel of a 1-form a with nowhere zero a A (da)'^^^ . 
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An immersion (respectively an embedding) i : C^^^ Q^^^^ of a (fe — 1)- 
dimensional manifold L^~^ into a contact manifold (Q^*^"^, C) is called a Legendrian 
immersion (respectively a Legendrian embedding), if i*(T(£) c for all I £ C. 

1.2. Definition (Legendrian map). We say that a smooth map A : C'^~^ Q^*^"^ 
to a contact (Q^*'^-'-, () is a Legendrian m.ap if A*(T;£) C C^iy for all / G C. Every 
Legendrian immersion is a Legendrian map. However a Legendrian map can be 
quite singular and the trivial map C'^~^ — > pt € Q'^'^~^ is a Legendrian map. 

1.3. Example (The natural contact structure on ST*A4). For a smooth manifold 

M'^, put ST*M to be the spherical cotangent bundle, i.e. the quotient of T*M 
minus the zero section by the action of the group M"^ of positive real numbers under 
multiplication. Put pr = pvj^ : ST*M. — > to be the corresponding S'''~^-bundle 
map. A point p G ST*A4 is the equivalence class of nonzero linear functionals 
on TprpA^. Two functionals are equivalent if and only if their kernels are equal 
and the half spaces of Tpj-pM where the functionals are positive are equal. Thus 
p is completely determined by the hyperplane kcrp C Tpi.(p)A1 together with the 
halfspace of Tp^pAd \ keip where the functionals are positive. 
The natural contact structure 

C = {Cf C Tp{ST*Mf''-\p G ST*M} 

is given byjCp = (prj-i(kcrp). 

A map A : £'^~^ {ST*M)^'^~^ can be described as the pair consisting of the 
smooth map A = pr oA and a smooth nowhere zero covector field 9i G T^^^^M, I G C, 

along A such that for every I G C the equivalence class of 9i is A(/). The covector 
field Oi is defined uniquely up to a multiplication by a positive smooth function 

Clearly A is a Legendrian map if and only if A*(T;£) C ker^;, for all I G C 
If A4 is equipped with a Riemannian or Lorentzian metric h, then we can identify 
the tangent and the cotangent bundles of Ai and we can identify the spherical 
tangent and the spherical cotangent bundles pr : STM M. and pr : ST*M. 
M. Thus a smooth map X : C ^ STM. = ST*M can be described as the pair 
consisting of the smooth map A = pr oA and a smooth nowhere zero vector field 
Xi C T\(;) A^, I G C, along A such that for every / G C the equivalence class of Xi is 
X{1). Clearly A is a Legendrian map if and only if X{1) is /i-orthogonal to A*(T;£), 
for all / G C. 

Now let (X™+^, g) be a space-time and let u : TV™ x™+i be a mapped null 
hypersurface. Let L„ G Tv{ny'^i ^ G the unique smooth nonoriented line field 

along u from the definition of the mapped null hypersurface. Since (X, g) is time 
oriented, we can orient the null lines L„ in the direction of the future. This oriented 
line field defines the Legendrian map u : J\f STX such that prx ou = v. 

2. From Legendrian maps to mapped null hypersurfaces 

Let (X™+^,5) be a space-time, let n : A^™ — > X'"+^ be an immersed spacelike 

hypersurface, and let g be the induced Riemannian metric on A4. Let A : C™~^ 
ST*M = STM be a Legendrian map that is described by the pair A = proA and 
the smooth unit length vector field Xi G Tx(;)A1, 1 G C, along A. 
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Since the immersed hypersm'face fi is spacelike, for each I G C the space I)ioA(/)X 
sphts as the direct sum of fit,{Tm-)A4) and its one-dimensional g-orthogonal com- 
phment {ii,,{T\(^qA4))-^ consisting of timehke vectors. Thus for each I £ C, there 
exists the unique future pointing nuU vector Ni ~ {Ni^,Nl) G fj,^,(Tx(i)M) ® 
{f^*{T\(^i)M))^ = T'^oA(i)^ such that = Put 7;(t) to be the maximal 

null geodesic such that 7;(0) — Ni. 

We get the map from a subset of £ x M to X defined as {l,t) li{t), for Z e £ 
and t in the domain of the null geodesic 7; . Since each point of X has a geodesically 
convex normal neighborhood, the above map is defined on an open neighborhood 
of £ X C £ X R. Put N C X R to be the maximal open neighborhood where 

the map is defined and put v : TV™ yjn+i ^j^g resulting map. 

It is easy to see that "fi{t) is a future directed null geodesic such that 7;(0) 
is 5-orthogonal to (/i o \)^{TiC) C T^o\(i)^- Thus v is a. mapped hypersurface 
corresponding to a congruence of such null geodesies. 

If A : C™~^ — > tW" is an immersion whose normal bundle is orientable, then 
there are exactly two unit lengths vector fields that are g-orthogonal to A and 
they define two Legendrian immersions C STA4. The union of the mapped 
hypersurfaces v constructed for these two Legendrian immersions should be thought 
of as the wave front associated to /i o X{C). 

2.1. Theorem. Let (X"+\.g) be a space-time, let fj, : — > \ he an immersed 
spacelike surface, and let A : — > ST*A4 be a Legendrian map. Let v : M™ 
ym+\ map obtained as above from ji and A. Then the following two statements 

hold: 

1: v is a mapped null hypersurface. In particular, the map v : J\f ^ STX — 
ST*X that sends {l,t) G A/" C £ x M to the direction of ^[{t) is a Legendrian 
map such that prx ov = u, see Example \1.3i 

2: If X is a Legendrian immersion, then v also is a Legendrian immersion. 

Proof. Let us prove statement 1 of the Theorem. We have that C x {0} C A/" C £ x M 
and that A/" Pi (Z x R) is connected, for all I G C. The map v is smooth, since the 
velocity vectors 7;(0) = Ni smoothly depend on Z G £ and since v{l,t) — ')i{t). 

Consider the vector field N — Nn — (0, ^) on TV C £ x M. Define the vector field 
Nr,,n ^ {l,t) £ Af C C X R, along 1^ via = M^n) = iy*il,t)iO, f ) G r^(„)X. 
Clearly TV„ = 7,'(t). Also TV(i,o) = Ni for aU I G £. 

Put Ln C T^(n)^ to be the line generated by 7;(i). We get the smooth line field 
Ln,n G TV, along i>. Since 7; are null geodesies, all the nonzero vectors in the lines 
I/„ are null. Also L„ C i^, (r„TV) by construction. 

Thus to prove the Theorem it suffices to show that g(TV„, j/^(Z„)) = for all 
n G N,Zn G T„TV. Fix no = (^0,^0), and Zn^ G TnaN. Extend Zng to a smooth 
vector field Z = Z„,n G TV, on TV such that [TV, Z] vanishes in a neighborhood of 
{Iq X R) nTV. 

Consider the following commutative diagram: 

{TM,g) {v*TX,g,V^) {TX,g,Va) 

(2.1) jr^r j.-rx 1^ 

N N X. 
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Here rx : TX ^ X is the tangent bundle, j^*tx : j^*TX M is the induced bundle, 
g — v*g is the induced tensor field on i/*TX, is the connection on v*t^ induced 
from V^, j : TM — » v*TX is the natural bundle map, and 5 = i'*g is the induced 
tensor field on TAf. Put A'' = j{N) and Z = j{Z) to be the sections of the vector 
bundle v*tx- 

Let T be the torsion tensor field of V and let Wi : N ^ TAf, z = 1, 2, be vector 
fields. We have T{i,4Wi),MW2)) = V%J{W2)-Vl^J{Wi)-j{[Wi,W2]), see H 
Lemma in Section 2.5]. Since is torsion free, we have 

(2.2) V|,J(W^2) - v|.^j(W^i) = ji[WuW2]), 

for every two smooth vector fields Wi , W2 : J\f — >■ TAf. 
Since is compatible with g, we have 

(2.3) ^^3(^1,^2) = ?(v|Zi, Z2) + 5(^1, VLZ2), 

for every vector field W : Af ^ TAf and every two sections Zi, Z2 of i'*tx : v*TX 
Af. This identity (|2.3p is proved in [H Lemma in Section 3.4] for connections induced 
from connections compatible with a Riemannian metric. However the same proof 
works for connections compatible with a Lorentzian metric. 

Clearly, (7(A^„q, z^*(Z„q)) = g(iV„„,Z„„). Using identity (|2.3p and the fact that 
the vectors N^^t) are the velocity vectors 7/'(t) of the null geodesies, we have 

(2.4) Ng{N, Z) = Ng{N, Z) - g{v\N , Z) + g{N , v\z) = + g{N , v\Z). 



(2.5) 



Using identities (|2.2p . (|2.3[) and the fact that the vectors Nn are null, we have 
g{N, Vp) = ^(tV, v\n + j{[N, Z])) = g{N, v|iV + 0)) = 



^givlN, N) + ^g{N, v|7V) ^ \zg[N, N) = ^ZO = 0. 



Combining equations jMl) and (|231) we have iV5(iV, 2') = 0. Since = (0, ^), 
we have 

(2.6) 5(7V„„,Z„J =5(7V(,„_t,),Z(i,_4„)) = 5(iV(^„^o),^(/o.o))■ 

Decompose Z(i„^o) as Z^^^ Qj + riV(z^_o), with Z^^^ e T(io,o){L x 0). We identify 
T(ig^Q){C X 0) with T;,-,/^ and we denote by Z[-^ e Tf^^ the vector corresponding to 
^(io.o) G^Oo,o)(^xO). Wehave 

5(^(io,o),^(io.o)) =5(^(;o,o),^(l,o) +'^^(io,o)) = 
(2-7) rg{v^{N(^l^^^Q)),v^{N^l^^^Q))) + g(zy»(7V(i„,o)), i^*(^(^o,o))) = 

r9(iV,„, TVzJ + g(iV,„, (^z o A).(Z,^)) = + g(iV,„, (^^ o A),(Z,^)). 

Recall that iV,„ = (A^f„,iV*J e ^i,{T^^^^^)AA) ® (fi^T^^i^^^M))^ = TMoA(io)X and 
that Nf^ = fi^,{Xig), where Xi^ £ T^i^-fM is the unit vector whose equivalence class 
is \{Iq). Thus 

^2 9{Ni,, (a* o A)4Z;^)) - g(^Nil + iV*„ m*(A,(Z,^))) = 

g{fi4Xi,),fi4X4Zfj))+g{Nlfi,{X4Zfj)) ^g{Xi„ X,{Zf;)) + 0. 
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Since A is Legendrian, Xi^ is g-orthogonal to \^{Ti^^C) C Txfjg^A^ and hence 
g{Xi„,K{Z[-^^)) = 0. Combining equations ((2^ . (|2J| . ((2^ we have 

,2g^ 5(^no>^"o) = 5(^(/o.to)'^(/o.to)) = 5(^(;o,0),^((o,0)) 

This finishes the proof of Statement 1 of the Theorem. 

Let us prove statement 2. Here the main difficulty is that even when (X, 17) is 
geodesically complete, the geodesic flow on TX does not seem to give rise to a flow 
on STX or on the subspace of it formed by the null directions, except for some very 
special (X, g). 

Consider the map exp' : TX TX that associates to u £ T^X the velocity 
vector 7(,(1) G T^^(i)X of the unique inextendible geodesic jv(t) with 7^(0) = x and 
7^,(0) = V. Put U' C TX to be the (maximal) domain of this map. It is an open 
set, see [4] discussion after Lemma 1 in Section 2.8 and Proposition in Section 2.9]. 
Clearly exp' : U' ^ U' is a smooth bijection. The inverse map sends v £ T^X to 
exp'(— u) and hence is also smooth. Thus exp' :[/'—» C/' is a diffeomorphism. 

Put O C [/' C TX to be (the image of) the zero section of TX X. Put 
U = U' \0. Clearly the restriction exp'l;/ is a diffeomorphism U ^ U that we 
denote by exp. 

Consider the map k : £ — » STX that is described by the pair: the map k, — 
fi o X : C ^ X and the vector field Ni £ T^jj^X, I £ C, along k. Let us show that 
K is an immersion. Take I £ C and its neighborhood O C C such that \{0) is 
contained in an open neighborhood 'P C for which the restriction fi\-p : V ^ X 
is an embedding. It sufhces to show that k,\q is an immersion. The restriction of 
the bundle pr^ : STM M to P C M gives the S^-i-bundle STP V. The 
restriction of prx : STX ^ X to ^x{V) gives the S'™-bundle STX\^,(j,) fi{r). The 
embedding fi\-p induces the natural bundle map 

STV ^TX|^(p) 

(2.10) I 

For p G V put Vp £ T^(^p-jX to be the unique future pointing timelike vector such that 
g{Vp,Vp) = -1 and Vp is 5-orthogonal to ^i^{TpM). Put V, -V C STX\^,(-p) to be 
the images of the two sections of S'TXj^cp) m(^) that send /i(p) to the direction 
of Vp and to the direction of —1^, respectively. The direct sum decomposition 
27i(p)X = (J-riTpV) ® span(V^) induces the natural fiber preserving smooth map 
TT : S'TX|^(p) \{VU -V) STP. For alU £ O we have n^{Xi) + V^^i) = Ni. Thus 

the maps i o A|ci and tt o k|o : O STV are equal. Since i is an embedding, A 
is an immersion, and tt is smooth, we get that HIq is an immersion, and hence k 
is an immersion. Put k : C ^ TX \ O to be the map described by the pair n and 
the vector field Ni^l G C, along k. Since k is immersion and it is a composition of 
K and the smooth quotient map TX \ —^ STX, we get that k is an immersion. 

Define the map P : TV TX by sending {l,t) e Af C C x R to -f[{t) £ T^^i^t)^^. 
Let us show that V is an immersion. Put A/""*" , A/"" , 7V° C A/" C £ x R to be the 
subsets formed by points {l,t) whose t coordinate is respectively greater than zero, 
less than zero, and is equal to zero. 
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Clearly J\f^ is open and ^'(^t) = exp{tNi), for all {l,t) G A/""*". Since k : £ — > 
TX \ O is an immersion, we get that the map f3~^ : A/""*" TX \ O that sends 
{I, t) e A/""*" to is an immersion. Since exp is a diffeomorphism, we get that v is 
an immersion at all points of A/""*" . Similarly one gets that v is an immersion at all 
points of N~ . 

Take (^,0) G and a nonzero tangent vector [vc^im) G T(i_Q)Af C T(i^q-^{C x 
R) = Tz£ © ToM = T,/: © R. Then {vc , wr) G T^v, (TX) and (ttx)* o V, {vc, i^k) = 
(ttx)* ok*(w£) + fRA^; G r^(/,o)X. Since (ttx)* 0K,(i;/:) e H*{Tx(i)M) and iV, ^ 
/^♦(^'acO-^)' that z?*(u£,t;R) if t/R 7^ 0. On the other hand v*{vc,^) = 

is nonzero since k is an immersion. Thus v is an immersion at all the points 

ofA^". 

Let q : TX \ ^ STX be the quotient map by the action of M+ that we used 
to define STX. Clearly ? = 501?. Since u is an immersion, to prove that ? is an 
immersion it suffices to show that for every n G A/" and nonzero v G TnAf the 
nonzero vector is not tangent to the M+-fiber of q containing 9(n). 

We prove this by considering three cases: n G Af~^,n G Af~, and n G A/^. 

Assume that n = (l..t) G J\f^ and that is tangent to the IR"'"-fiber of q 

containing i7(n). Let a : (— e, e) TX \ O defined by Q(r) = z?(7i) + Tu{n) be the 
parameterization of a small part of the M+-fiber of q that contains i/(n). Since exp 
is a diffeomorphism, we get that (exp)~^ o is a nonzero vector tangent to the 
curve a — exp ^ o a at exp ^ o a{0). 

Let 7(t) be the null geodesic such that 7(0) = /x o A(I) and 7'(0) = tNj. Since 
P|_/v'+ = e5cpo/3+ we get that 7(1) = '7x(^'(^)) and 7'(1) = ^(n). From the definition 
of exp we get that 5(r) = exp~^(a(r)) = (r + 1)7'(— r) G T^(_t-)X, for all r G 
(-e,e). _ ^ 

Now exp^ o (u) is a nonzero vector tangent to the immersed submanifold 
S = {tNi\t G G £} C TX at the point tNj. Since rx(W;) = m o A(0 for all 
i G K,/ G £, we get that iTx)*{e^7'^ oV^v)) G ^i^T^^j^M). Clearly (tx),(5'(0)) = 
— 7'(0) = — tiVy ^ iJ,*{T^^j^M). Thus exp^ o is not tangent to 5 at 5(0) and 

u is an immersion at n G A/""*" . 

Hence V is an immersion at all the points of . Similarly one gets that u is an 
immersion at all the points of Af~ . 

Let n = (1, 0) be a point of AT^ and let {vcVr) G T^j q^TV = TjC®ToR = TjC®R 
be a nonzero tangent vector. Let us show that t'^,{vc, vr) is not tangent to the M"*"- 
fiber of q containing 9(1,0) = Nj. Note that (t^tx)* applied to any vector tangent 
to the R+-fiber of q is zero, while, as we discussed above, (ttx)* o V^:{vc,vr) = 
{ttx)*°k*{vc) + vm.Nj is nonzero for vu "^0. This give the proof for vectors {vc, vr) 
with nonzero vr. 

Note that %{vc,0) = /?*(«£)• Clearly k = q ok and since k is an immersion 
we get that q^ o k*(w£) = q^ o i}^(vcA)) is nonzero for every nonzero vc- On the 
other hand, g* applied to any vector tangent to the R+-fiber of q is zero. Thus 
u is an immersion at all the points of A/^ C Af and hence ? : TV — > STX is an 
immersion. □ 

2.2. Remark. Let v : A/"™ yr"+^ be a mapped null hypersurface and let h : 
J\f' — » A/" be a diffeomorphism. Then clearly 1/ o h : A/"' — >■ X is a mapped null 
hypersurface. 
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If the natural map v : JV™ STX = ST*X is an immersion, then it is a 
Legendrian immersion and the map v o h : J\f' STX = ST*X associated with the 
mapped nuU hypersurface v o h : J\f' —> X also is a Legendrian immersion. 

Similarly if U C A/" is open, then : U — > X is a mapped null hypersur- 
face. Note that if i^lu is an embedding, then : L/ ^ X is an embedded null 
hypersurface. 

3. From mapped null hypersurfaces to Legendrian maps. 

Let (X™+^,(7) be a space-time. Let v : A/"™ — > X™+^ be a mapped null hyper- 
surface, let fi : — > X™+^ be an immersed spacelike hypersurface, and let 
be the pull back of the maps /i and v. We will show that fi and v canonically de- 
fine a Legendrian map X^ ^, : Cf^^i, — > ST* Ai of the (m — l)-dimensional pull-back 
manifold and that Im(pr^ "-^m,") ~ Im/i^^(Im/i n Imv). 

We will also show that if the map v : A/"'" STX associated to v is an immersion, 
then is a Legendrian immersion. In this case the singularities of pr^ oA^.i^ 
are Legendrian singularities. In particular, this is so when v is the mapped null 
hypersurface arising from a Legendrian immersion X' : C ~> ST* Ai' for some 
immersed spacelike hypersurface /i' : Al' ^ X, see Theorem 12. II 

The Lorentz metric g allows us to identify STX with ST*X. Let Nn G r^(„)X, n G 
A/", be a smooth nowhere zero null vector field along v such that for all rt G A/" the 
equivalence class of 7V„ is V{n) G STX = ST*X. For n € N, put 6,, G TJ^^-^X to 
be the nonzero covector such that 9n[v) — g{Nn,v), for all v G Ti,(„)X. We get the 
smooth nowhere zero covector field 6m n ^ Af, along i' such that for all n G AA the 
equivalence class of On is i/{n) G ST*X = STX. 

Consider the pull-back diagram 

(3-1) [j 

j^m ^ X™+1. 

By definition of the pull-back Cf^^u — {(m, n) G A4 x M\^JL{m) — v{n)} C M x 
TV. Choose {m,n) G -C^.j/. Since /i is an immersion, fi^{TmM) is m-dimensional. 
Since is a mapped null hypersurface and by definition of v, the nonzero vector 
Nn G v<t{TnM) is null. Since /i is spacelike, all the nonzero vectors in /i,(T',„A4) 
are spacelike, and hence Nn ^ ii^{TmAi). For dimension reasons we get that the 
minimal linear subspace of ry(„)X = T)i(m)X that contains /i,(r„iA/() U v^{TnM) 
is equal to Tj,(„)X = T^t^n^y^. Thus and v are transverse and hence C^^^, is an 
[m — l)-dimensional smooth embedded submanifold oi A4 x M. 

Clearly Ap^^(m, n) = m and j n) = n, for (m, n) G C^^n. We define the smooth 
covector field 0; G Tj^^^^A^, ^ G along A^^^ as follows. For I = (m, n) G Cfj,^y and 
^ £ T'A(i)A4 — T,nM put = On{fJ,*{v)). Recall that the covector 0„ is nonzero, 
&n\v,{T„Af) is zero, and T^i^^yX = T^(n\>^ is the linear span of /i*(TmA4) U i/*(T„A/'). 
Thus the covector field G /I^^.i/, along A^^^ is nowhere zero. Hence the pair: 
Xf_i^i, and the covector field (j)i^l G -C^,!/, along A^^^ define a map A^.^y i ^^.y ^ 
ST* hA ~ STM.. It is easy to see that the map A^.i/ does not depend on the choice 
of the vector field iV^, n G A/", along v from which we started the construction. 
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3.1. Theorem. Let (X™+^, g) be a space-time, let v : TV™ yra+\ ^ mapped 
null hypersurface, and let /i : A^™ — > X'"^^ be an immersed spacelike hyper surf ace. 
Let C^^i, be the smooth (jn — 1)- dimensional manifold that is the pull-back of fi and 
V. Let A^^j/ : ST* M be the map constructed above. Then 

1: The map A^.i/ : — > ST* Ai is a Legendrian map and Im(pr^ oA^.j^) = 
Im /i^^(Im /i n Im v). 

2: // the map v : M STX that is naturally associated with v is an immer- 
sion, then the map A^^j/ : £^,1/ ST* M is a Legendrian immersion. 

Proof. Let us prove statement 1 of the Theorem. The fact that Im(pr^ oA^.i^) = 
Iiii^~^(Im/i n Imiy) is clear from the construction of X^,,^. 

To see that A^_^ is a Legendrian map it suffices to show that ((A^_^)*(f )) = 
for every I S C)j,^i, and v € TiL^^^. 

By definition of we have ((A^^^)* (w)) — 9n{{fJ' ° A^_y)*(w)). Since the dia- 
gram (|3.ip is commutative, we have 0n((^oA^_i,)*(w)) = 9n . By definition 
of i7 we have that 6'n|imi/.(T„A^) 0. Thus 0; ((A^^,.)* («)) = 6'n(i^*(i*(^^))) = 0- 

To prove statement 2 o/ the Theorem we will show that for every I — (to, n) G 
C^,i, the map X^^n is an immersion at I. Put P C to be an open neighborhood 
such that m &V and /z|-p is an embedding. 

Put C ^ Cv = {(m,n) e x 7V|^(to) = iy{n) and to £ T'} C -C^,^. We wih 
denote Xf,,^\c : ST*P C STTW by A^ and we wiU denote A^,^|£ : £ ^ 7^ by 
A£. It suffices to show that A£ is an immersion at 7 G 

Take a nonzero vector v = {v-p,v^) e TjC C 7(^,71) x TV) TjnV © TWA/". 
From the construction of A£ and A£ we get that (pr^)* o (A£)*(f) = v-p. Thus 
{Xc)*{v) ^ Q ii v-p 7^ 0. Hence it suffices to show that {Xc)*{Q,iw) ^ for 
{0,vj\f) G TjC with nonzero vj^. 

The embedding : 7^ — > X induces the diffeomorphism ST^\p : STV 
ST^{V) onto the spherical tangent bundle of IJ.{V). 

Consider the map i^oj : C ^ STX that maps (m, n) G £ to the equivalence class 
of Nn G Ty(„)X. Since £ is the pull-back of h' and fi\-p we get that iy{n) G /i(7^) for 
all (to, n) G £. Thus vo j[C) is in the total space S'TX|^(-p) of the restriction of the 
S""-bundle STX X to ^l{V) C X. Consider the S'^-i-bundle C ~*X whose total 
space C C STX is formed by the future pointing null directions. Clearly ^{M) C C. 
Thus V oj{£) is in the total C|^cp) of the restriction of the bundle C — > X to n{V). 

Put TXj^cp) to be the total space of the restriction to /i('P) of the bundle TX —> 
X. The (^-orthogonal projection rX|^(-p) — )■ T^{V) induces the diffeomorphism 5 : 

The Riemannian metric g = ^*g on TV allows us to identify STV with S'T*^. 
For Z = {ni,n) G £ put Vi G Tx^(i)V = TmV to be the unique vector such that 
0/(w) = g(Vi, w), for all w G TmP. From the construction of it is easy to see that 
/Lt»(V^) is the 5-orthogonal projection of Nn G T^i^^y^. to fM*{TjnV) C r^(„)X. One 

verifies that the equivalence class of Vi in STV — ST*V is Xc{l). 

Thus we have that the maps Xc : C ^ STV = ST*P and {ST ^i\v)~'^ oSoVo j\c : 
C —> STV are equal. Thus if u = (0, vj\f) G TjC is a nonzero vector, then we have 
iXc)*iv) = {ST^i\p)^^ o5^ov^o {i\c)*{^,v^) = [STii\p)^'^ o 5^ oy^{vj^). Since 
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VN' 7^ 0, is an immersion, and [STfi-p) ^,5 are difFeomorphisms, we get that 
{\c)*{v) 7^ 0. Hence A^.j/ is an immersion. □ 

3.2. Example (Null cone). Let (X,g) be a space-time. For x eX put C+ (respec- 
tively C~ ) to be the hemicone of future pointing (respectively past pointing) null 
vectors in TxX. Put C+ C C+ and C C~ to be the maximal open subsets on 
which exp^ is well defined. 

Choose a (possibly small) immersed spacelike hypersurface n : M"^ ^m+i 
such that X = ^i{x) for some x E M. and let 'g be the induced Riemannian metric 
on M.. Let A : S™"^^ ST*A4 be a Legendrian embedding whose image is the 
5''"-i_fiber over the point x. Let ; A/" — > X be the mapped null hypersurface from 
Theorem 12.11 constructed using the above fi, A and C = S"^~^. By Theorem 12. II the 
natural map v : J\f —>■ STX is a Legendrian immersion. 

Let Ni £ T^oX(i)X — TxX, I e S*™^^, be the future pointing null vector field along 
fioX that we used to construct v. Consider the map h : 5™"^ xR — > (C+UC~ UO) C 
TxX defined by h{l,t) = tNi. Put 7V+ (respectively Af~) to be the open subset of 
TV C S*™^^ X M consisting of all the points with the positive (respectively negative) 
M-coordinate. Clearly h : 7V+ C+ and h : M~ — > C~ are diffeomorphisms and 
e^p^{h{l,t)) = vil,t), for all {l,t) e Af^. 

Combining this with Remark [2?2l we get that exp^ : C+ ^ X and exp^ : C~ ^ X 
are mapped null hypersurfaces, i.e. the exponential of the future and of the past 
null hemicones at x are mapped null hypersurfaces on the maximal open subsets 
where they are defined. In particular if an open C7 C is such that exp^ |[/ is an 
embedding, then exp^ : U X is an embedded null hypersurface Q 

Moreover by Theorem O the natural maps C+ STX = ST*X and 
STX = ST*X are Legendrian immersions. 

Let /i' : A4' ^ X be an immersed spacelike hypersurface. Then by Theo- 
rem |3TT] the map exp^ \^+ : — > X defines the Legendrian immersion A^/ ^xp^ | + ■ 

-^/i'.cxp I + ^ STA4' such that Im(pr_^/ oA^/^oxp | +) = 6xp^(C+) n/i'(7W). Thus 
the intersection of the future null cone of x with the spacelike immersed hypersur- 
face /i(A^') is naturally parameterized by the projection to M.' of the Legendrian 
immersion to ST*M'. 

Similarly one get that the intersection of the past null cone of x with the spacelike 
immersed hypersurface fj,{A4') is also naturally parameterized by the projection to 
Ai' of a Legendrian immersion to ST*Ai'. 

Appendix A. Low's results on null congruences and Legendrian 

SUBMANIFOLDS OF THE SPACE OF NULL GEODESICS IN GLOBALLY 
HYPERBOLIC AND STRONGLY CAUSAL (X^+^,g). 

Recall a few more Lorentzian geometry definitions and facts. An open set in 
(X™+^,g) is causally convex if its intersection with every non-spacelike curve is 
connected and (X, g) is strongly causal if every point in it has arbitrarily small 

^In the work of Lerner [7j Lemma 2] it is proved that the exponential of the future null 
cone of X is an embedded null hypersurface when restricted to the preimage under exp^, of a 
simple neighborhood of x. We did not find more general statements about null cones giving rise 
to embedded null hypersurfaces in the literature. Miguel Sanchez pointed to us that the fact 
that expj. 1(7 is an embedded null hypersurface also follows from the Gauss Lemma for Lorentzian 
manifolds and we thank him for this remark. 
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causally convex neighborhoods. A strongly causal space-time (X,g) is globally hy- 
perbolic if for every xi,X2 G X the set of all a; G X such that there exists a piecewise 
smooth nonspacelike curve from xi to X2 through x is compact. 

A Cauchy surface M is a subset of a space-time X such that for every inextendible 
non-spacelike curve 7(t) in X there exists exactly one to G M with 7(<o) G M. A 
space-time is globally hyperbolic if and only if it admits a Cauchy surface, see [5j 
pages 211-212]. Geroch showed that globally hyperbolic (X, 5) are rather simple 
topologically and they are homeomorphic to a product of M and a Cauchy surface. 
Bernal and Sanchez [51 showed that every globally hyperbolic space-time (X"*"*"-*^, g) 
admits a smooth spacelike Cauchy surface and moreover X is in fact diffeomorphic 
to a product of M and this Cauchy surface. 

Put or — ^(x.g) to be the space of all null geodesies in (X, g) up to an affine repa- 
rameterization. In general is not a manifold. However for globally hyperbolic 
(X, g), the space 01 is a smooth contact manifold contactomorphic to the spheri- 
cal cotangent bundle ST*M of a smooth spacelike Cauchy surface A/™ C X'"+^. 
This fact was proved by Low [Q] Corollary 1, Lemma 2, Corollary 2] for (3-1- 1)- 
dimensional globally- hyperbolic (X'^+^j g). This result and the techniques, Low used 
to get it, generalize to globally hyperbolic space-times of all dimensions, see Natario 
and Tod [13 pages 252-253]. 

Since the Cauchy surface M is spacelike we can identify STM and ST*M. Under 
the contactomorphism ST*M a null geodesic 7 is mapped to the point of 

ST*M = STM that is the direction of the g-orthogonal projection to M of the 
velocity vector of 7 at the intersection point of 7 with M. 

Low [9] observed strong and fascinating relations between null congruences and 
Legendrian submanifolds of for (3-(- l)-dimensional globally hyperbolic {X^^^,g). 
The combination of his [9, Lemma 2, Corollary 3] says that the null congruences 
orthogonal to a 2-dimensional spacelike surface are exactly the Legendrian sub- 
manifolds of ST*M = 01. Unfortunately, if taken literally this statement is false for 
rather technical reasons. 

For example, in order for the Legendrian submanifold to be embedded, rather 
than immersed, one has to require that no two points of the 2-dimensional spacelike 
surface S belong to the same null geodesic that is g-orthogonal to E. This would 
follow automatically if the 2-dimensional spacelike surface S is a subset of some 
Cauchy surface. However it is easy to construct examples of 2-dimensional embed- 
ded spacelike surfaces S in globally hyperbolic (X'^+^,5) such that there are two 
points in E that belong to the same null geodesic that is g-orthogonal to E. 

It also is possible to find Legendrian submanifolds of 01 that are not realizable as 
null congruences orthogonal to a spacelike 2-surface. Consider a globally hyperbolic 
M"* with coordinates {xi, X2,x^, t) and the Lorentz metric g = dx^ + dx"^ -\-dx\ — dt^ . 
For T G M define the spacelike Cauchy surface C M"' to be the set of all the points 
whose t-coordinate equals r. Take a Legendrian submanifold L C S'r*IRQ — S'TMq 
that is described by the projection of L to Mg which is the rotationally symmetric 
"flying saucer" and the unit length vector field along the projection of L orthogonal 
to the "saucer" , see Figure [TJ We assume that the cusp edge of the "saucer" is the 
circle {(xi,X2,Q,0)\xl + xl = 1} C Kg C K^. 

Since Mg is a Cauchy surface, S'T*Rg is identified with 01 and L gives a Legen- 
drian submanifold L' C 01. For every r, the intersection of the corresponding null 
congruence with will have a cusp edge along the circle {(xi, X2^ r, t)\x\ -\- x"^ = 
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1} C C (and possibly other singularities). It is easy to sec that the sub- 
sets of L' that give rise to the cusp edges {(xi, X2, 0, 0)|xf + = 1} C Mq and 
{{xi, X2,t,t)\xi + X2 = 1} C are equal. One verifies that no open in L' neigh- 
borhood of a point in this subset can be realized as a null congruence orthogonal 
to some embedded (or immersed) 2-dimensional spacelike surface in (R**, 17). 

Low also remarked that null congruences orthogonal to 2-dimensional spacelike 
surfaces are related to Legendrian submanifolds of 71 for strongly causal (X^^^^, 5). 
In this case 0^ is a smooth contact manifold that is possibly not Hausdorff. 

The contact structure on the space of nuU-geodesics and the symplectic structure 
on the spaces of timelike and spacelike geodesies in general pseudo-Riemannian 
manifolds was very recently studied by Khesin and Tabachnikov [6]. In order for 
their results to apply the pseudo-Riemannian manifold should be such that these 
spaces of geodesies are manifolds. This imposes very strong restrictions on the 
pseudo-Riemannian manifolds under consideration. 



cusp edge 




Figure 1. 



Our work is motivated by Low's work and it establishes relations between Leg- 
endrian and null maps for an arbitrary space-time (X™"*"^, g), including those space- 
times for which the space of null-geodesies is not a manifold. In particular, The- 
orem [O] shows that for an immersed spacelike hypersurface /i : Ai"^ X'"+^, 
the null congruence associated to a Legendrian map A : ST*Ai gives a 

mapped null hypersurface v : A/"™ X™"*"^, and that moreover the natural map 
~ . ji^m _j, 5'y*x is a Legendrian immersion if A is a Legendrian immersion. 

Theorem 13 . 1 1 savs that the intersection of a mapped null hypersurface i' : A/"™ 
•^m+i ^[f^iy g^jjy inimcrsed spacelike hypersurface fi' : M' ^ X gives a Legendrian 
map to ST* M' ^ and that moreover this map is a Legendrian immersion if v is 
an immersion. In this case the intersection {fi')^^ {v{M) n ^'(A^')) is naturally 
parameterized by a Legendrian immersion to ST* M.' . 

Acknowledgments: I am very thankful to Robert Low, Yuli Rudyak, Miguel 
Sanchez, and David Webb for useful discussions. 
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